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Abstract 

This study develops a generalized displacer motion equation for a beta-type Stirling engine. The proposed equation 
approximates the ideal Stirling cycle while maintaining sinusoidal piston motion to ensure stable power extraction. The displacer 
trajectory is modeled with a Fourier series and optimized. The resulting trajectory is then generalized as a piecewise function to 
improve applicability across different geometries. This approach improves control of working fluid distribution, allowing the 
expansion and compression processes to more closely approach isothermal conditions. The results show that the optimized 
Fourier trajectory achieves 91.9 % of the ideal Stirling-cycle work output, outperforming conventional drive mechanisms, where 
it only achieves 59.8 % for crank mechanism, 66 % for Scotch yoke, and 68.5 % for rhombic drive. For practical implementation, 
the optimized Fourier trajectory is generalized using a piecewise formulation. The generalized trajectory maintains 
approximately 80–90 % of the ideal Stirling-cycle work over a range of compression ratios without requiring re-optimization. 
These results demonstrate that the proposed approach provides both high thermodynamic performance and improved 
adaptability compared with conventional Stirling engine drive mechanisms. 

Keywords: displacer control; displacer trajectory; Fourier trajectory; piecewise function; Stirling engine.  

 
 

I. Introduction 
The growing awareness of environmental problems 

and the limited global energy supply have led to the 
urgent need to develop sustainable energy generation 
systems [1]. Among promising energy generation 
systems, the Stirling engine has attracted considerable 

attention for its ability to utilize various renewable 
thermal energy sources, such as biomass and solar 
energy [2][3]. The abundant, near carbon-neutral 
thermal energy provided by biomass and sustainability, 
widespread availability, and high energy potential of 
solar energy further enhances the suitability of Stirling 
engines for renewable energy applications [4][5]. In 
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addition, the Stirling engine offers significant 
operational flexibility, as it can operate effectively over 
a wide temperature range [6]. Theoretically, the 
maximum thermal efficiency of an ideal Stirling engine 
can reach Carnot thermal efficiency, which is based on 
a thermodynamic cycle involving two ideal isothermal 
processes and two ideal isochoric processes [7]. 
However, achieving operating conditions close to this 
ideal cycle is not easy because any deviation from the 
ideal thermodynamic processes reduces the thermal 
efficiency and power output of practical Stirling 
engines. Therefore, various strategies have been 
proposed to approach the ideal cycle, including 
improvements in heat transfer and volume dynamics 
[8][9]. 

The dynamic working-space volumes of a Stirling 
engine, including the hot-space, cold-space, and total 
volumes, are determined by the piston and displacer 
motions. The geometric arrangement of the piston and 
displacer within the cylinder is commonly used to 
classify Stirling engines into alpha, beta, and gamma-
types [10]. The beta-type Stirling engine offers 
advantages for implementing controlled mechanisms. 
In beta-types, piston and displacer are in the same 
cylinder, allowing their motion to overlap [11]. This 
overlap provides thermodynamic and mechanical 
benefits compared to other types by reducing dead 
volume and facilitating a higher compression ratio 
(CR) [12]. Furthermore, the displacer and the power 
piston serve distinct functions. The displacer motion 
determines the variation of hot and cold volume, while 
the piston determines the variation of cold and total 
volume [13]. The displacer must properly control the 
distribution of the working fluid volume to approach 
the four ideal thermodynamic processes.  

Conventional beta Stirling engines commonly use 
kinematic mechanisms, including crank, rhombic, and 
Scotch yoke [14]. However, the mechanism naturally 
limits the movement of the piston and displacer, 
resulting in primarily sinusoidal motion that deviates 
from the ideal motion [15][16]. The sinusoidal motion 
causes a portion of the working fluid to remain in other 
spaces during compression and expansion, preventing 
an isothermal process [17]. The actual thermal 
efficiency is only 66 % of the ideal value, which is 27.1 % 
lower than Carnot [18]. Inadequate synchronization of 
piston and displacer motion reduces heat-transfer 
efficiency, increases dead volume, decreases the CR, 
and reduces the engine's mechanical work [19]. The CR 
significantly influences the net work output, heat input, 
and efficiency of the Stirling engine. A lower CR results 
in reduced net work and efficiency, while the heat input 
increases. 

Recent studies have explored the use of motion 
control and complex kinematic mechanisms to achieve 
motion characteristics that approximate those of the 
ideal Stirling cycle. Adaptive motion control strategies 
achieve optimal conditions by controlling the displacer 
position. Optimal Periodic Control (OPC) has been 
reported to increase power by up to 40 % compared to 
conventional kinematic systems [20]. Controlling both 
piston trajectories of the alpha-type via a variable-
length connecting rod enables piston motion during a 
nearly constant-volume phase, resulting in a P–V 
trajectory that more closely approximates the ideal 
Stirling cycle than traditional alpha-type fixed-rod 
systems [21]. In addition to adaptive motion control at 
beta-type, mechanical innovations such as hypocycloid 
mechanisms allow the piston to remain at top dead 
center (TDC) and bottom dead center (BDC) longer 
than a traditional sinusoidal mechanism, thereby 
extending the duration of isochoric process [22]. A cam 
drive mechanism (CDM) on beta-type changes 
sinusoidal motion to make a dwell time phase at TDC 
and BDC. Tests show that this method can give 46 % 
more power than pure sinusoidal motion [23][24]. 

Although the existing approaches have improved 
performance through altering piston and displacer 
trajectories, their practical implementation remains 
limited. The main challenges lie in extracting power 
from the controlled piston and in the inherent 
complexity of the kinematic mechanism. In this study, 
a novel beta-type displacer trajectory was developed 
while maintaining sinusoidal piston motion. The 
developed motion equation enables the engine to 
achieve up to 90 % of the ideal cycle work. Moreover, 
the derived displacer motion equation is generally 
applicable to various engine geometries and CRs. 

II. Materials and Methods 
Controlled displacer and sinusoidal piston 

trajectories were implemented in a beta-type Stirling 
engine in this study, as shown in Figure 1. The beta-
type configuration is selected due to the functional 
separation between the piston and the displacer. In this 
type, the piston handles compression and expansion, 
while the displacer pushes to distribute the working 
fluid [25]. The separation function enables control of 
the displacer without directly affecting the power 
generation process. 

A. Formulation of piston motion under 
sinusoidal trajectory 

The piston follows a sinusoidal motion, which 
ensures stable and efficient power extraction. This 
motion profile also facilitates easier coupling with 
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conventional generator systems, making it suitable for 
practical power-generation applications [11][24]. The 
piston sinusoidal motion profile is expressed by the 
following equation. 

𝑥𝑥𝑝𝑝(𝜃𝜃) = 𝑙𝑙𝑐𝑐 − 𝑟𝑟 cos(𝜃𝜃 + 135) − 𝑙𝑙𝑆𝑆   (1) 

𝑙𝑙𝑐𝑐 = 2𝑟𝑟
𝐶𝐶𝐶𝐶−1

+ 𝑙𝑙𝑆𝑆 + 𝑟𝑟 (2) 

where 𝑥𝑥𝑝𝑝 denotes piston position (m) as a function of 
the crank angle θ (deg), 𝑙𝑙𝑆𝑆 is the stroke length (m), 𝑟𝑟 is 
the crank radius (m), 𝐶𝐶𝐶𝐶 is the compression rasio, and 
𝑙𝑙𝑐𝑐 crank center to top of cylinder length (m). 

𝐶𝐶𝐶𝐶 = 𝑉𝑉𝑚𝑚𝑚𝑚𝑚𝑚
𝑉𝑉𝑚𝑚𝑚𝑚𝑚𝑚

 (3) 

𝑉𝑉𝑚𝑚𝑚𝑚𝑚𝑚 and 𝑉𝑉𝑚𝑚𝑚𝑚𝑚𝑚 denote the maximum and minimum 
fluid volumes within the cylinder (m3), excluding the 
volumes of the regenerator, heater, and cooler. The 
sinusoidal motion of the piston maintains stable, 
efficient power extraction. It also makes it easy to 
couple with conventional generators.  

B. Fourier series-based displacer motion 
modeling 

Controlling the motion of the displacer requires less 
power than controlling the piston motion. Unlike the 
piston, the displacer does not compress the working 
fluid; it operates under a small pressure difference. A 
displacer requires only small power and can thus be 
actuated by a linear actuator. As a result, the displacer's 
motion can be flexibly adjusted and controlled 
independently.  

The displacer position is modeled using a Fourier 
series to provide high flexibility in defining the optimal 
motion profile. The trajectory is expressed as a 
superposition of multiple harmonics, allowing precise 
adjustment through the Fourier coefficients. These 
parameters enable simultaneous control of amplitude 
and waveform characteristics. As a result, asymmetric 
trajectories can be generated to optimize the 
compression and expansion process. Moreover, using a 
Fourier series guarantees that the displacer trajectory 
remains continuous throughout a full cycle. 

𝑥𝑥𝑑𝑑(𝜃𝜃) = 𝑠𝑠 𝑐𝑐0 + ∑ 𝑠𝑠 𝑎𝑎𝑛𝑛 cos(𝜃𝜃) + 𝑠𝑠 𝑏𝑏𝑛𝑛 sin(𝜃𝜃)𝑁𝑁
𝑛𝑛=1  (4) 

where 𝑥𝑥𝑑𝑑  denotes displacer position (m), 𝑠𝑠 represents 
the piston stroke (m), while 𝑐𝑐0,𝑎𝑎𝑛𝑛, and 𝑏𝑏𝑛𝑛  denote the 
Fourier coefficients. 

Fourier coefficients are used as the optimization 
variables to define the piston and displacer motion 
trajectories. The optimization objective is to maximize 
the net cyclic work, which corresponds to the area 
enclosed by the pressure–volume (p–V) diagram 

𝑊𝑊 = ∮𝑝𝑝𝑝𝑝𝑝𝑝 (5) 

where 𝑊𝑊  is the net work per cycle (J), 𝑝𝑝  is the 
instantaneous working-gas pressure (Pa), and 𝑉𝑉 is the 
instantaneous working volume (m3). Numerical 
optimization is performed using the generalized 
reduced gradient (GRG) method [26].  

The optimization is subject to the following 
constraints: 

𝑉𝑉𝑚𝑚𝑚𝑚𝑚𝑚  ≤  𝑉𝑉(𝑡𝑡 ) ≤  𝑉𝑉𝑚𝑚𝑚𝑚𝑚𝑚  (6) 

which ensures that the working volume remains within 
the allowable geometric limits, and 
𝑚𝑚𝑚𝑚𝑇𝑇𝐶𝐶
𝑉𝑉(𝑇𝑇)

≤ 𝑝𝑝(𝑡𝑡) ≤ 𝑚𝑚𝑚𝑚𝑇𝑇𝐻𝐻
𝑉𝑉(𝑇𝑇)

   (7) 

which constrains the pressure to remain between the 
limiting isothermal line corresponding to the cold and 
hot heat-source temperatures (see Figure 2). Here, 𝑉𝑉min 
and 𝑉𝑉max  are the minimum and maximum working 
volumes (m3), respectively, 𝑝𝑝(𝑡𝑡)  is the instantaneous 
gas pressure (Pa), 𝑉𝑉(𝑡𝑡)  is the instantaneous volume 
(m3), 𝑚𝑚 is the working-gas mass (kg), 𝑅𝑅 is the specific 
gas constant (J/(kg·K)), and 𝑇𝑇𝐶𝐶  and 𝑇𝑇𝐻𝐻 denote the cold- 
and hot-space temperatures (K), respectively. 

These constraints define the feasible 
thermodynamic search region by ensuring that the 
pressure trajectory remains between the limiting 
isothermal curves while satisfying the allowable 
working-volume range. These limiting curves represent 
the ideal Stirling-cycle boundary conditions, which 
consist of two isothermal processes and two constant-
volume processes. 

 
Figure 1. Schematic representation of a Stirling engine with a controlled displacer and a sinusoidal piston motion. 
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The GRG algorithm iteratively adjusts the Fourier 
coefficients to maximize the enclosed area of the p–V 
diagram under these ideal-cycle boundary conditions; 
therefore, the larger the enclosed area, the closer the 
cyclic work approaches the maximum work attainable 
by the ideal cycle. Consequently, the optimized 
trajectories are expected to yield cyclic work that 
approaches the ideal-cycle limit while satisfying all 
optimization constraints. 

Baseline engine configuration was adopted 
throughout the trajectory optimization. Unless 
otherwise stated, all optimization results presented in 
this study were obtained using the same engine 
geometry and operating conditions. The baseline 
parameters are summarized in Table 1. Any 
modifications to the engine geometry required by 
specific drive mechanisms, such as variations in crank 
dimensions, are introduced and discussed separately in 
the corresponding comparison section. 

C. Generalized displacer motion modeling 
using piecewise functions 

In general, trajectory optimization applies to a 
specific geometric configuration, yielding solutions 
limited to those conditions. Consequently, the 
optimized trajectory cannot be directly applied to an 

engine with different geometrical parameters. Applying 
a Fourier-based trajectory to a different geometric 
configuration may reduce cycle performance. In certain 
cases, the mismatch of piston and displacer motion 
results in collisions between the piston and the 
displacer. Therefore, a generalized approach is required 
to overcome the limitations of the Fourier-based 
trajectory. 

The displacer position is defined relative to the 
piston to ensure a generalized model. To facilitate the 
generalization process, the Fourier-based trajectory is 
divided into four segments corresponding to the ideal 
cycle process [27]. The ideal Stirling cycle consists of 
four thermodynamic processes: constant-volume 
heating (0° to 90°), isothermal expansion (90° to 180°), 
constant-volume cooling (180° to 270°), and isothermal 
compression (270° to 360°). During constant-volume 
heating, the cold volume decreases while the hot 
volume increases by an equal amount, maintaining a 
constant total working-gas volume as the gas is 
transferred from the cold side to the hot side. During 
isothermal expansion, the working gas occupies the hot 
volume, whereas the cold volume is minimized, 
allowing the total volume to increase at a constant hot-
side temperature. During constant-volume cooling, the 
hot volume decreases while the cold volume increases 
by an equal amount, preserving a constant total 
working-gas volume as the gas is transferred back to the 
cold side. Finally, during isothermal compression, the 
working gas occupies the cold volume, whereas the hot 
volume is minimized, and the total volume decreases 
while the gas temperature remains constant at the cold-
side temperature. 

𝑥𝑥𝑑𝑑(𝜃𝜃) =

⎩
⎪
⎨

⎪
⎧ 𝑥𝑥𝑑𝑑,0−90(𝑥𝑥𝑃𝑃),   0° ≤ 𝜃𝜃 ≤  90°

𝑥𝑥𝑑𝑑,90−180(𝑥𝑥𝑃𝑃),   90° ≤ 𝜃𝜃 ≤ 180°

𝑥𝑥𝑑𝑑,180−270(𝑥𝑥𝑃𝑃),   180° ≤  𝜃𝜃 ≤ 270°

𝑥𝑥𝑑𝑑,270−360(𝑥𝑥𝑃𝑃),   270° ≤ 𝜃𝜃 ≤ 360°

 (8) 

 
Figure 2. Optimization constraints in the p-V plane. The dashed line indicates the ideal Stirling-cycle boundary, while the colored lines represent 
the imposed isothermal and volume constraints. 

Table 1. 
Baseline engine parameters used in the optimization. 

Parameter Value 

Working fluid Air 

Charge pressure (Pa) 101325 

Hot reservoir temperature (K) 1000 

Cold reservoir temperature (K) 300 

Piston area (m2) 0.002827 

Piston stroke (m) 0.06 
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All segments were modeled using polynomial 
Lagrange interpolation. The formulation utilizes four 
reference points extracted from the optimized Fourier 
trajectory. The two boundary points that define the 
start (i=0) and end (i=3) of the segment, and two 
intermediate points that are evenly spaced between 
them (i=1 and i=2). 

𝑥𝑥𝑑𝑑,𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 = ∑ 𝜎𝜎𝑖𝑖 𝑥𝑥𝑝𝑝𝑖𝑖  ∏
𝜃𝜃−𝜃𝜃𝑗𝑗
𝜃𝜃𝑖𝑖−𝜃𝜃𝑗𝑗

3
𝑗𝑗=0
𝑗𝑗≠𝑖𝑖

 3
𝑖𝑖=0   (9) 

where 𝜎𝜎 represents the shape constant, it expresses the 
normalized Fourier-based displacer position relative to 
the piston position. 

D. Thermodynamic model 

The Schmidth method is widely used to represent 
the influence of piston and displacer kinematics on the 
Stirling cycle [28]. It simplifies heat transfer by 
assuming isothermal processes in the hot and cold 
spaces. The Schmidth formulation models the 
instantaneous pressure as a function of the volume 
distribution and the temperature of the hot volume and 
cold volume; 

𝑝𝑝 = 𝑀𝑀𝑀𝑀

�𝑉𝑉𝐶𝐶𝑇𝑇𝐶𝐶
+𝑉𝑉𝐻𝐻𝑇𝑇𝐻𝐻

�
  (10) 

where 𝑝𝑝 is the instantaneous working-gas pressure (Pa), 
𝑀𝑀 is the total mass of the working gas (kg), 𝑉𝑉𝐻𝐻 and 𝑉𝑉𝐶𝐶  
are the instantaneous hot and cold volumes (m3), 
respectively, and 𝑇𝑇𝐻𝐻  and 𝑇𝑇𝐶𝐶  are the constant 
temperatures of the hot and cold spaces (K).  

The instantaneous hot and cold volumes are 
determined from the displacer and piston positions as 

𝑉𝑉𝐻𝐻 = 𝑥𝑥𝑑𝑑  𝐴𝐴𝑝𝑝 (11) 

𝑉𝑉𝐶𝐶 = (𝑥𝑥𝑃𝑃 − 𝑥𝑥𝑑𝑑) 𝐴𝐴𝑃𝑃 (12) 

where 𝐴𝐴𝑝𝑝 is piston area (m2).  
The total mass of the working gas is assumed 

constant throughout the cycle and is calculated from 
the ideal gas equation using the initial engine state, 

𝑀𝑀 = 𝑝𝑝0  𝑚𝑚𝑚𝑚𝑚𝑚�𝑉𝑉𝐻𝐻,𝑜𝑜+𝑉𝑉𝐶𝐶,𝑜𝑜�
𝑅𝑅𝑇𝑇𝐶𝐶

 (13) 

where 𝑝𝑝0 is the initial pressure (Pa), and 𝑉𝑉𝐻𝐻,0  and 𝑉𝑉𝐶𝐶,0 
are the initial hot and cold volumes, respectively. 

In this framework, the hot and cold volumes are 
defined as functions of the piston and displacer 
positions. The heater, cooler, and regenerator volumes 
are assumed to be zero, such that the dead volume 
arises solely from the engine kinematics and the relative 
motion of the piston and displacer, without 
contributions from the heat exchangers. With these 
assumptions, the effects of piston and displacer motion 

on engine performance can be evaluated without the 
influence of other non-ideal processes. 

The present analysis is based on the classical 
Schmidt model, in which the working gas is assumed to 
behave as an ideal gas undergoing perfectly isothermal 
expansion and compression with perfect regeneration. 
Under these assumptions, the external heat supplied 
during one cycle is equal to the expansion work, 

𝑄𝑄𝐻𝐻 = We =  ∮ 𝑝𝑝 𝑑𝑑𝑉𝑉𝐻𝐻,  (14) 

while the heat rejected during the isothermal 
compression equals the compression work, 

𝑄𝑄𝐶𝐶 = Wc = ∮ 𝑝𝑝 𝑑𝑑𝑉𝑉𝑐𝑐 .  (15) 

and the corresponding thermal efficiency is calculated 
as 

𝜂𝜂 = 𝑊𝑊net
𝑄𝑄𝐻𝐻

= 1 − 𝑊𝑊𝑐𝑐
𝑊𝑊𝑒𝑒

  (16) 

where 𝑊𝑊net  is the net cycle work (J), 𝑄𝑄𝐻𝐻  is the heat 
absorbed during the isothermal expansion (J), 𝑄𝑄𝐶𝐶 is the 
heat rejected during the isothermal compression (J), 𝑊𝑊𝑒𝑒 
is the expansion work (J), 𝑊𝑊𝐶𝐶 is the compression work 
(J), and 𝜂𝜂𝑡𝑡ℎ is the thermal efficiency. 

Since perfect regeneration is assumed, no additional 
external heat is required to compensate for the 
regenerative heat exchange, and the thermal efficiency 
is completely determined by the ratio of compression 
work to expansion work. In other words, efficiency is 
governed by the work ratio, so a cycle that more closely 
approaches the ideal Stirling process reduces 
compression losses relative to expansion work, 
increases the net work fraction, and therefore improves 
thermal efficiency. 

III. Results and Discussions 

A. Cycle deviation due to single sinusoidal 
piston and displacer trajectories 

Figure 3(a) illustrates the ideal piston-displacer 
motion required to reproduce the ideal Stirling cycle. 
During 0° to 90°, the piston remains stationary while 
the displacer transfers the working gas from the cold 
space to the hot space. The decrease in cold volume is 
exactly balanced by the increase in hot volume, 
maintaining a constant total volume and producing the 
vertical constant-volume heating process in the P–V 
diagram (Figure 4). During 90° to 180°, the displacer 
remains fixed while the piston expands the hot volume, 
generating the ideal isothermal expansion. The reverse 
gas transfer occurs during 180° to 270°, where the 
piston remains stationary and the displacer 
redistributes the gas back to the cold space at constant 
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total volume, followed by isothermal compression 
during 270° to 360° as the piston compresses the gas 
while the displacer remains fixed. These four distinct 
motions produce the ideal Stirling cycle. 

In contrast, Figure 3(b) shows the conventional 
sinusoidal crank mechanism used in practical beta-type 
Stirling engines. Unlike the ideal trajectory, both the 
piston and displacer move continuously throughout 
the crank rotation, causing the hot and cold volumes to 
change simultaneously. This continuously coupled 
motion prevents the engine from reproducing the two 
constant-volume processes of the ideal Schmidt cycle. 

The deviation becomes particularly evident during 
the third quarter of the cycle (180° to 270°). Instead of 
maintaining a constant total volume as in Figure 3(a), 
both the piston and the displacer continue moving 
simultaneously in Figure 3(b). Although the displacer 
transfers gas from the hot space to the cold space, the 
piston also changes the total cylinder volume. 
Consequently, the increase in cold volume is no longer 

exactly balanced by the decrease in hot volume, causing 
the total working-gas volume to decrease continuously. 
This behavior is reflected in the orange P–V trajectory, 
where the process follows a sloped path rather than the 
vertical constant-volume cooling line of the ideal 
Stirling cycle. 

A similar deviation occurs during the compression 
process (270° to 360°). In the ideal cycle, the displacer 
remains fixed while only the piston compresses the gas, 
ensuring that most of the working gas stays within the 
cold space throughout compression. However, under 
sinusoidal motion the displacer continues moving 
while the piston compresses the gas. As illustrated in 
Figure 3(b), part of the gas is simultaneously 
redistributed toward the hot space during compression, 
increasing the average gas temperature relative to the 
ideal case. Since the instantaneous pressure depends on 
both the total volume and the effective gas temperature, 
this non-ideal redistribution causes the pressure 

 
 (a) (b) 

Figure 3. Piston and displacer trajectories and the corresponding working-fluid distribution for: (a) the ideal Stirling cycle; and (b) conventional 
sinusoidal motion. 

 
Figure 4. The rounded p-V diagram shows how the sinusoidal motion of the piston and displacer causes the Stirling cycle to deviate from its ideal 
form. 
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trajectory to remain above the ideal isothermal 
compression curve, as observed in the P–V diagram. 

These differences can also be interpreted from the 
phase relationship between piston and displacer 
motion. In the ideal trajectory (Figure 3(a)), one 
component remains stationary while the other moves 
during each thermodynamic process, allowing 
independent control of gas transfer and volume 
variation. In contrast, the sinusoidal mechanism 
(Figure 3(b)) imposes continuous harmonic motion on 
both components, preventing complete decoupling 
between gas redistribution and volume change. As a 
result, compression or expansion occur simultaneously 
instead of sequentially, leading to deviation from the 
ideal Schmidt assumptions. 

The cumulative effect of these deviations is evident 
in the P–V diagram (Figure 4). The sinusoidal cycle 
(orange curve) no longer contains the vertical constant-
volume and exhibits a distorted expansion and 
compression path. Consequently, the enclosed cycle 
area is smaller than that of the ideal Stirling cycle (green 
curve), indicating a reduction in net indicated work. 
This reduction originates primarily from the inability 
of the sinusoidal mechanism to maintain the ideal 
distribution of working-gas volume between the hot 
and cold spaces during the gas-transfer processes. 
Therefore, optimizing the displacer trajectory to more 
closely approximate the ideal motion offers a direct 
means of increasing the enclosed P–V area and 
improving the thermodynamic performance of the 
beta-type Stirling engine. Overall, the sinusoidal 
motions of the piston and displacer introduce 
significant deviations from the ideal thermodynamic 
cycle, thereby reducing the net work output, as reported 
in previous studies [18]. 

B. The displacer motion trajectory derived 
from fourier-based optimization 

The optimized cycle and trajectory, based on the 
Fourier series (equation (4)), are shown in Figure 5. 
The Fourier-based trajectory yields a continuous 
profile with smooth transitions in motion. These 
smooth transitions reduce inertial effects, thereby 
minimizing the force required to control the displacer 
motion.  

In the 0° to 90° interval, corresponding to the end of 
compression and the beginning of expansion. During 
the final stage of compression (0° to 45°), the first-order 
case yields the smallest hot-side volume and the lowest 
pressure. The small hot-side volume provides the 
closest approximation to isothermal compression at 𝑇𝑇𝐶𝐶  
(shown by the blue line in Figure 5). Higher Fourier 
orders further reduce the hot volume. However, it 
remains slightly larger than in the first-order case. The 
process approach is isothermal compression behavior. 
In the early expansion stage (45° to 90°), increasing the 
Fourier order reduces the cold-side volume. At the 
same time, it increases the expansion pressure. As a 
result, the process better approximates isothermal 
expansion (shown by the red line in Figure 5). 

In the 90° to 180° interval, the addition of higher 
Fourier orders enhances the expansion process. 
Specifically, it increases the displacer stroke and 
prolongs the duration during which the displacer 
follows the piston motion. As a result, the cold-side 
volume is minimized for a longer period, extending the 
portion of isothermal expansion at 𝑇𝑇𝐻𝐻. 

For the 180° to 270° interval, higher Fourier orders 
improve both the end of expansion (180° to 225°) and 
the beginning of compression (225° to 270°). At the end 

 
 (a) (b) 

Figure 5. Influence of Fourier order on: (a) working-area enlargement; and (b) displacer trajectories. 
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of expansion, increasing the Fourier order enlarges the 
displacer stroke and increases the hot-side volume, 
thereby approaching isothermal expansion more 
closely at 𝑇𝑇𝐻𝐻. At the onset of compression, higher-order 
harmonics increase the slope of the trajectory, reducing 
the hot-side volume and further improving the 
approach toward isothermal behavior. 

In the 270° to 360° interval, the addition of higher 
harmonics continues to improve the cycle by reducing 
the hot-side volume fraction, lowering the working 
fluid temperature, and bringing the process closer to 
isothermal compression. Overall, increasing the 
Fourier order significantly enhances cycle performance. 
The ideal work ratio increases significantly by 20 % 
from the first to the fourth order, as shown in Table 2. 
However, further increases beyond the fourth order do 
not result in substantial improvements in the cycle. 
Subsequently, the optimization is performed using a 
fourth-order model. 

As shown in Figure 6(a), the piston and displacer 
trajectories for different stroke lengths share similar 
characteristics, differing only in amplitude scaling. The 
phase relationship between the piston and displacer 
remains unchanged, indicating that the fundamental 
shape of the trajectory is preserved. In the P–V diagram 
(see Figure 6(b)), the cycle area remains identical across 

all stroke variations, showing that changes in stroke 
length affect only the volume scale without altering the 
underlying thermodynamic cycle. Both expansion and 
compression processes continue to follow behavior 
close to the ideal Stirling cycle. 

Furthermore, the ratio of displacer to piston 
position (see Figure 6(c)) exhibits the same trend across 
all stroke variations, indicating that the proportion of 
working fluid between the hot and cold spaces remains 
constant. This consistency explains why system 
performance remains unchanged despite variations in 
stroke length. Physically, this shows that stroke 
variation does not affect efficiency or work output if the 
CR is maintained, confirming that the optimal 

 
(a) (b) 

 
(c) 

Figure 6. Effect of stroke length on: (a) trajectory characteristics; (b) p-V diagram; and (c) displacer position relative to piston position.  

Table 2. 
Percentage of ideal work for different fourier orders. 

Fourier Order Fraction of Ideal Work (%) 

1 69.8 

2 86.2 

3 86.9 

4 91.9 

5 92.1 

6 92.4 
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trajectory is scale-invariant with respect to stroke 
length. 

Based on Figure 6, variations in CR (CR 2 to 5) 
significantly affect the trajectory characteristics: the 
piston and displacer curves no longer exhibit the simple 
scaling behavior observed in stroke variation but 
instead undergo notable shape changes (see 
Figure 7(a)). As the CR increases, the amplitude and 
motion profile of the displacer adjust to accommodate 
the altered volume distribution between the hot and 
cold spaces, thereby shifting the phase relationship 
between the piston and the displacer. This indicates 
that the Fourier-based trajectory is strongly dependent 
on the CR. 

The p–V diagram (see Figure 7(b)) shows that 
increasing the CR substantially enlarges the cycle area, 
which directly corresponds to higher net work output. 
Higher CR values produce greater maximum pressures 
and smaller minimum volumes, yielding a wider cycle. 
This trend is confirmed by the tabulated data (Table 3), 
in which the specific work increases from 123 kJ/kg to 
299 kJ/kg. 

Furthermore, the ratio of displacer to piston 
position (𝑥𝑥𝐷𝐷/𝑥𝑥𝑃𝑃 ) exhibits distinct profiles for each CR 

(see Figure 7(c)). Differences are particularly evident 
during the transition from expansion to compression, 
indicating a shift in the timing of fluid transfer. This 
variation suggests that the proportion of dynamic 
volume distribution between the hot and cold spaces is 
no longer constant as the CR changes. 

Physically, these results confirm that the CR has a 
fundamental influence on both the thermodynamic 
and kinematic behavior of the system. Unlike stroke 
variation, changes in CR alter the cycle's boundary 
conditions, preventing the optimal trajectory from 
being preserved in the same form. Therefore, the 
trajectory cannot be scaled directly across different 
compression ratios and must be re-optimized for each 
CR. 

 
(a) (b) 

 
(c) 

Figure 7. Effect of CR on; (a) trajectory characteristics; (b) p-V diagram; and (c) displacer position relative to piston position.  

 

 

Table 3. 
Percentage of ideal work for different CRs. 

CR Fraction of Ideal Work ( %) Specific Work (kJ/kg) 

2 88 123 

3 91 200 

4 91 253 

5 92 299 
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C. General equation of the Fourier base 
optimum trajectory 

To obtain a generalized formulation (Equation (5)) 
applicable across a range of CRs, the shape function is 
averaged from optimized Fourier-based trajectories 
corresponding to CRs 2, 3, 4, and 5. The shape constant 
is subsequently fine-tuned to prevent collision between 
the piston and the displacer. The shape function is 
shown in Table 4. 

Figure 8(a) shows the displacer trajectory and 
Figure 8(b) the pV diagram. The use of an averaged 
shape function derived from CRs in the range of 2 to 5 
reduces the work ratio by approximately 2 % from the 
4th Fourier base trajectory. Nevertheless, the piecewise 
function approach remains applicable across a broader 
range of CRs, including high ones, as shown in Figure 9. 
When CR = 20, the piecewise function performs 
relatively well, achieving approximately 80 % of the 
ideal work. 

D. Comparison with traditional mechanisms 
result 

A comparative evaluation is conducted to assess the 
performance of control mechanisms (Fourier-based 
and piecewise-based) against conventional 
mechanisms (crank, Scotch yoke, and rhombic drive). 
To ensure a fair comparison, the stroke length and 
sweep volume are kept the same across all mechanisms 
[10][11]. The engine parameters used in the analysis are 
listed in Table 5. 

In the crank angle range of 0° to 90°, the process 
consists of two stages: compression (0° to 45°) followed 
by expansion (45° to 90°), as shown in Figure 9. During 
this interval, the displacer moves toward the piston, 
transferring the working fluid from the cold space to 
the hot space. In conventional mechanisms, the 
proportion of cold space during compression is greater 
than in controlled approaches such as Fourier-based or 
piecewise-trajectory approaches. This condition results 
in lower compression pressure as shown in Figure 10(a). 
However, it also leads to a smaller available hot space 
during expansion. Overall, within the 0° to 90° interval, 
controlled mechanisms produce higher work output. 

 
 (a) (b) 

Figure 8. (a) Trajectory and (b) p-V diagram of the piecewise function CR 1-5. 

Table 4. 
Shape constants for each segment. 

Crank Angle 
Shape Constant 

σ0 σ1 σ2 σ3 

0 ≤ θ ≤ 90 0 0.5 0.9 0.99 

90 ≤ θ ≤ 180 0.99 0.99 0.99 0.99 

180 ≤θ ≤ 270 0.99 0.87 0.55 0.15 

270 ≤θ ≤ 360 0.15 0.04 0.01 0 
 

 
Figure 9. The performance of the piecewise trajectory across various 
CRs demonstrates its robustness, achieving over 80 % of the ideal 
work even at CRs as high as 20. 
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This indicates that maximizing the expansion process 
has a greater impact on increasing net work than 
minimizing compression work as stated in [11]. 

In the crank angle range of 90° to 180°, the process 
is characterized by expansion. The displacer follows the 
piston's motion. The synchronized motion helps 
maximize the volume of hot space throughout the 
expansion process. Controlled mechanisms achieve a 
higher hot-volume proportion during this phase than 
conventional mechanisms. As a result, the expansion 
process approaches isothermal conditions more closely, 
thereby improving thermodynamic cycle performance. 

In the crank angle range of 180° to 270°, the process 
consists of two stages: expansion (180° to 225°) 
followed by compression (225° to 270°). In both stages, 
controlled mechanisms produce higher net work than 
conventional mechanisms. This improvement is 
achieved through enhanced expansion work and 
reduced compression work. During expansion, the 

controlled approach utilizes a longer displacer stroke, 
allowing the displacer to follow the piston motion for a 
longer duration. This results in a larger hot space 
volume and enables a more effective expansion process. 
During compression, the controlled mechanism 
generates a greater proportion of cold space, thereby 
reducing the required compression work. The 
combined effect results in greater net work.  

In the crank angle range of 270° to 360°, the 
displacer continues to move toward the cylinder wall. 
In controlled mechanisms, the displacer reaches the 
wall earlier than in conventional mechanisms. As a 
result, the fraction of fluid in the hot volume is reduced, 
and most of the working fluid is concentrated in the 
cold volume. This condition leads to lower pressure 
during compression. In addition, the compression 
process more closely approaches isothermal behavior at 
lower temperatures, thereby reducing the required 
compression work. 

Table 5. 
Geometric parameters and operating conditions used for the performance comparison of the investigated Stirling engine mechanisms. 

Parameter Rhombic Crank Scotch Yoke Fourier Piecewise 

Piston stroke (m) 0.06 0.06 0.06 0.06 0.06 

Crank radius (m) 0.03 0.03 0.03 0.03 0.03 

Piston diameter (m) 0.04 0.04 0.04 0.04 0.04 

Piston area (m2) 0.0028 0.0028 0.0028 0.0028 0.0028 

Hot temperatur (K) 1000 1000 1000 1000 1000 

Cold temperatur (K) 300 300 300 300 300 

Fluid Air Air Air Air Air 

Charge pressure (Pa) 101325 101326 101327 101328 101329 

Displacer connecting rod length(m) 0.33 0.3 - - - 

Piston connecting rod length(m) 0.3 0.3 - - - 

Center gear distance (m) 0.24 - - - - 

Length of rhombic linkage (m) 0.07 - - - - 
 

 
 (a) (b) 

Figure 10. A comparison of the results of the piecewise function for: (a) cycle; and (b) trajectory to those of other mechanisms. 
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There is a slight difference in the cycle 
characteristics between the Fourier-based control 
mechanism and the piecewise-function approach. 
During the early expansion phase (45° to 90°), the 
pressure in the piecewise-based mechanism tends to be 
lower than that of the Fourier-based approach. This 
difference is influenced by the adopted shape function, 
from which the Fourier-based formulation is derived 
based on the averaged ratio of displacer to piston 
positions over a CR range of 2 to 5. As a result, in the 
piecewise approach, the distance between the displacer 
and the piston increases, leading to a larger cold-space 
fraction and a lower working-gas pressure during the 
initial expansion period. Nevertheless, this difference 
has only a minor influence on the overall cycle 
performance, as the fraction of ideal work differs by 
only about 2 %, corresponding to net works of 72.1 J 
and 74.8 J, respectively (Table 6). 

A similar trend is observed in the thermal efficiency. 
The conventional mechanisms exhibit efficiencies 
ranging from 53.3 % for the crank mechanism to 56.7 % 
for the rhombic drive, whereas the proposed piecewise-
function and Fourier-based mechanisms achieve 
thermal efficiencies of 64.9 % and 65.8 %, respectively. 
These values represent an improvement of 
approximately 8 to 12 percentage points over the 
conventional mechanisms. Under the Schmidt-model 
assumptions of ideal isothermal processes and perfect 
regeneration, the heat input is equal to the expansion 
work; therefore, an increase in the ratio of net work to 
expansion work directly translates into higher thermal 
efficiency. Consequently, the proposed displacer 
trajectories not only increase the fraction of ideal work 
but also improve the thermodynamic efficiency of the 
cycle. Although the Fourier-based mechanism provides 
the highest work output and thermal efficiency, the 
piecewise-function approach achieves nearly identical 
performance while offering a considerably simpler 
mathematical formulation and facilitating practical 
implementation. 

IV. Conclusion 
This study shows that optimizing the displacer 

trajectory using a Fourier-based approach and then 
simplifying it to a piecewise function significantly 
improves the thermodynamic performance of a beta-
type Stirling engine. The proposed method 
approximates the ideal Stirling cycle by controlling 
displacer motion, yielding expansion and compression 
processes that more closely approach isothermal 
conditions. The optimized trajectory achieves 
approximately 92 % of the ideal work output, 
outperforming conventional sinusoidal mechanisms. 
Furthermore, the piecewise representation preserves 
the key characteristics of the optimized trajectory while 
enabling robust applicability across a wide range of 
geometries and compression ratios without requiring 
re-optimization. These findings confirm that trajectory 
design is a critical factor in improving cycle efficiency 
and highlight the proposed approach as a practical and 
effective solution for advanced Stirling engine 
development. For future work, this study will be 
extended to experimental implementation by 
developing and testing a physical prototype. A 
prototype incorporating displacer-motion correction 
based on a Scotch yoke mechanism with variable 
connecting-rod length will be investigated. This 
approach is expected to enable the practical realization 
of the proposed trajectory control and further evaluate 
its effectiveness under real operating conditions. 
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